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The generalized equation that describes the yield stress dependence upon the 
grain size in the wide range of grain sizes has been obtained.  There are two 
critical grain sizes (dcr1, dcr2) that correspond to the changes in strengthening 
mechanism. The equation includes Hall - Petch relation in the range of d> dcr1. For 
dcr1>d> dcr2, the power in the Hall - Petch relation varies from -1/2 to -1. In a 
nanometer (nm) range (dcr2 >d) there are possibilities of softening (in case of 
“weak” boundaries) as well as significant strengthening (in case of “strong” 
boundaries). 
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There have been enough discussions in the literature about the existence of 
so-called inverse Hall – Petch (HP) relation [1-4 etc.], i.e. the decrease of yield 
strength is observed with the reduction of the grain size after reaching a certain 
grain size dcr.  
  
For the description of the deviation from the classical HP - relation many 
models are proposed, which can be combined into four groups: 
1) dislocation - based models [5, 6]; 
2) two – phase (grain body and grain boundary) - based models (a so-called 
„mixture‟ rule) [7, 8, 9]; 
 3) models of grain boundary plasticity mechanisms (diffusion - based 
models (Coble creep), grain – boundary –  shearing models) [10, 11, 12]; 
 4) models of wide stacking faults (models of twinning mechanisms) [13]; 
 5) models that take into account the competition of different strengthening 
mechanisms, because, as a rule, several mechanisms act simultaneously in real 
materials [3]. 
 
In accordance with those models it‟s possible to describe the transition from 
Hall-Petch strengthening to the “inverse” HP relation at the some critical grain size 
dcr.  Kumar K.S. [14] proposed a scheme (fig. 1a) with two critical grain sizes dcr1 
=100 nm and dcr2 =10 nm, in which the slope of σ(d) dependence changes. 
Nevertheless, HP relation (1) is fulfilled well in the region of large grain 
sizes in the overwhelming majority of cases.  Along with that, it is pointed out in 
numerous articles [7, 15, 16] for smaller grains that the strengthening at the grain 
refinement can be better described by the equation (2).  
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where the parameter 0  characterizes the averaged resistance to dislocation motion 
over the grain body and the coefficients yk  and 1k  characterize the difficulty of slip 
transfer through the grain boundary. 
The Thompson`s scheme [15], in contrast to fig 1a in [14], postulated not the 
slight slackening of the dependence of the yield strength upon the grain size, but, 
on the contrary, the increasing dependence of the yield strength takes place due to 
the transition from the dependence (1) to the dependence (2) at dcr1.  
 
  
Fig.1 Dependence of flow stress on the grain size а)  [14] , б) [15] 
 
The simplest explanation of such transition is the following. 
The coefficient yk  is expressed as
 
2/1rk cy  ,
 (3) 
where LGbc /  - the stress of the dislocation source actuation in the neighboring 
grain (  - coefficient of an order of 1, G - shear modulus, b- Burgers vector, L – 
characteristic length of a Frank – Reed source), r is the distance of the source from 
the head of the dislocation pile-up.  With the grain sizes in a range dcr1>d >dcr2 it is 
obvious that the length of dislocation source L and its distance from the grain 
boundary r can not be larger then d. Supposing that in such case L ~ d and r ~ d, it 
can be shown that the coefficient is getting dependent upon the grain size as  
ky= k1d
–1/2
 (4) 
 
The substitution of (4) into the equation (1) leads to the equation (2). 
 
With the further grain size refinement (dcr2>d), there might be the situation 
when the dislocation source can not generate dislocations at the stress lower than 
the theoretical shear strength. In this case flow stress dependence can be described 
as some expression σ3(d), which is determined by one of  the concrete deformation 
mechanisms listed above. It is necessary to underline, that only for the dislocation - 
based models [5, 6], Coble creep [10, 11], and also for the so-called two – phase – 
based   models [7, 8, 9] the analytic form for such dependences existed already. 
Dislocation - based models can be excluded from the examination because the 
moving of the dislocations inside nanograins is quite difficult. The realization of 
the Coble creep at the room temperature for the nanocrystalline materials even for 
the copper needs anomalous high diffusion coefficient [12], which is unlikely for 
the metal with higher melting temperature. 
From this point of view, for choosing an appropriate analytical dependence 
for σ3(d) (just like in [16]), we will select the approach based on a mixture rule:  
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Here t – the thickness of grain boundary; σB – the strength of grain boundary 
(GB –strength); σV – the strength of the nanograin volume. Since the strength of the 
dislocation-free nanograin goes up to the limit (theoretical) strength, we can 
suggest that σV  is close to the theoretical strength (≈E/30).  
 
 Earlier, Takeuchi used quite different formula for the yield stress [9]: 
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nmt 2  - the effective thickness of the grain boundary. 
 
(6) 
In our opinion, the expression (5) describes the composite behavior better, 
than the similar formula of Takeuchi (6). Besides, Takeuchi examined only the 
possible weakening of the dependence because the strength of the grain volume c  
is taken higher that the GB-strength B , and he did not examine the variant, when 
the strength of the intergranular material can be equal to the strength of the grain 
body or even exceed it. 
 
 To receive the generalized dependence σ(d) in the wide range of the grain 
sizes, the method that was used in [17] can be employed, where the distribution of 
the grains by size can be considered. At that, it is needed to consider the 
availability of two critical grain sizes, separating the manifestations of the strength 
mechanisms, described with the equations (1), (2) and (5). 
 Just like in the [17, 18], we will consider that the grain size log-normal 
distribution exists in the polycrystalline material: 
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where Vsln , Vmln - fitting factors. 
Considering the existence of two critical grain sizes, the resulting yield stress 
of the polycrystal can be expressed as follows: 
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where 3
11 crdV  , 
3
22 crdV   
 
 
 
The plot corresponding to the equation (8) is built in the fig.2 for 4 different 
values of GB-strength σB using chromium [19] as an example. Following data were  
used: the strength of the grain volume is closed to the theoretical value GPaV 12 ; 
GPa22.00  ; 
2/12 *10*6.1 mmGPaky
 ; the thickness of boundaries was nmt 2 ; 
nmdcr 3101   and nmdcr 672  , 1ln Vs . 
Оne can see, that three ranges of flow stress dependence vs the grain size  
can be distinguished. The first range extends to dcr1, where the classical Hall-
Petch`s equation is satisfied. The second one is up to dcr2,  where the sharp increase 
of strength vs the grain size follows ~d
-1
. In the nanometer range of the grain size, 
the decrease of σ(d) with refinement of the grain size as well as it`s increase take 
place depending upon the change in GB-strength (from E/100 to E/15, fig. 2). 
 
 
Fig.2 Flow stress vs. the grain size for some values of a GB- strength. 
Experimental data taken from [19] 
 
In the fig.3 there are experimental values H/E for the chromium-based 
materials with different grain sizes, which are produced with different 
technologies. The data for chromium films with the thickness of 40μm that are 
produced by magnetron cyclic sputtering are marked with green spots [19]. The red 
spots correspond to the chromium coatings with the thickness of about 6μm, that 
are produced by magnetron sputtering in the uniform regime and with the 
controlled adding of the oxygen during the sputtering (it was shown that oxygen 
segregates at the boundaries of grains) [21]. The blue spots correspond to the alloy 
Cr - 37.2 wt.% Ni with different thermal treatment [22]. It is obvious, that the grain 
boundaries will be different for all materials. 
The dependencies shown in fig. 3 have been built according to the equation 
(8) considering the Marsh formula [20] for two values ky (max and min) and for 
two values of the GB- strength (for the case of relatively weak and relatively 
strong boundaries). The lowest dependence corresponds to the lower values ky 
=1.4*10
-2
GPa*mm
1/2
 for the chromium of high purity. The upper dependence 
corresponds to the higher value ky  =2.8*10
-2
GPa*mm
1/2
. 
According to the equation (8), it is supposed that at the change of the size of 
the grain, the structure and properties of the boundaries and, correspondingly ky, do 
not change. Obviously, though, the state of the grain boundaries changes 
continuously for such material during grain size variations with thermal treatment. 
That is why, the experimental data shown in fig. 3, are located between two 
dependencies that reflect different values of ky
 
for each grain size.  
 
 
 
Fig.3. The generalized dependence of the normalized hardness (H/E) upon the 
grain size, which takes into account the possible changes of the boundaries state 
for two different ky and for two different GB-strength – E/100÷E/30. 
 
Conclusion 
Summarizing, let us emphasize that, in general, there might be more than 
two critical sizes because strengthening mechanisms mentioned above might 
compete in the nano-region. Besides, not only the possible change in value of ky 
should be taken into account in certain cases but the change of the parameter σ0 at 
the change of the grain size also. 
 
References: 
[1] -  E. O. Hall  Proc. Phys. Soc. London B64, 747 (1951). 
[2] -  N. J. Petch, J. Iron Steel Inst. 174, 25 (1953). 
[3] – M.Yu.Gutkin, I.A.Ovid`ko, C.S.Pande Theoretical models of plastic deformation processes 
in nanocrystalline materials // Rev.Adv.Mater.Sci 2 (2001) pp.80-102. 
[4] – M.A. Meyers, A. Mishra, D.J. Benson Mechanical properties of nanocrystalline materials // 
Progress in Materials Science 51 (2006) p. 427 – 556. 
[5] - Evans A.G., Hirth J.P. Deformation of nanoscale cerments // Scr. Met. Mater., 
1992,v.26,№11,p.1675-1680. 
[6] - C.S. Pande, R.A. Masumura Processing and Properties of Nanocrystalline Materials. Ed. 
C.Suryanarayana, J. Singh, F.H. Froes. Warrendale, PA, TMS, 1996, p. 387. 
[7] – Kocks U.F. The relation between polycrystal deformation and single crystal deformation. 
Met. Trans., 1970, v. 1,  5, p. 1121-1143. 
[8] – Nemat-Nasser S., Hori M. Micromechanics: Overall Properties of Heterogeneous Materials. 
Amsterdam/London/New York/Tokyo, Elsevier Publishers B.V., 1993. 
[9] – Takeuchi S. The mechanism of the inverse Hall-Petch relation of nanocrystals // Scripta 
Mater. – 2001. – 44. – P.1483–1487.  
[10] – Chokshi A.H., Rosen A, Kerch J., Gleiter H.   Scripta Metall 1989; 23:1679. 
[11] – Masumura R.A., Hazzeledine P.M., Pande C.S.  Acta Mater 1998; 46:4527. 
[12] – A.A.Fedorov, M.Yu.Gutkin, I.A.Ovid`ko  Triple junction diffusion and plastic flow in fine 
– grained materials // Scripta Materialia 47 (2002), P. 51 -55. 
[13] - X.Z.Liao, Y.T.Zhu Formation mechanism of wide stacking faults in nanocrystalline Al.// 
Applied Physics Letters. Vol.84, №18, 2004, pp. 3564 – 3566. 
[14] - K.S. Kumar, H.Van Swegenhoven, S. Sureh Mechanical behavior of nanocrystalline metals 
and alloys // Acta Materialia 51 (2003). P. 5743 – 5774. 
[15]  - A.W.Thompson  Substructure Strengthening Mechanisms // Metallurgical Transaction A // vol.8A, 
June 1977 – 833. 
[16] - Firstov S.A, Rogul O.A. Shut O.A. Transition from microstructures to nanostructures and 
ultimate harderning // Functional Materials. – 2009. – 16 №4. – p. 364-373. 
[17] - M.P. Phaniraj, M.J. Presad, A.H. Chokshi // Mater. Sci. Eng. A 463, 231 (2007). 
[18]  - Masumura R.A., Hazzeledine P.M., Pande C.S. Yield stress of fine grained materials // 
Acta Mater., 1998, v.46, №13, p.4527 – 4534. 
[19]  - Firstov S.A., Rogul T.G. Grain boundary engineering of nanostructured cromium films//  
in: Innovative Superhard Materials and Sustainable Coatings for Advanced Manufacturing J.Lee 
and N.Novikov (eds), Pp. 225 – 232, 2005 Springer. Printed in the Netherlands. 
[20]  - Marsh D.M. Plastic flaw in glass // Proc. Roy. Soc. – 1964. – A279. – P.420–435. 
[21]  - С. Фирстов, В. Куликовский, T. Рогуль, С. Дуб, С. Пономарев, И. Тимофеев, Шут 
О.А. // Механические свойства нанокристаллических пленок хрома с малыми добавками 
кислорода // Наноструктурное материаловедение  №4 2011г., с.31-41 
[22]  - Фирстов С.А., Даниленко Н.И., Котко А.В., Саржан Г.Ф., Шут О.А. // Структура и 
микромеханические характеристики сплава Cr-37.2%Ni // Наноструктурное 
материаловедение №3 2011г., с.104-109. 
 
